In this paper a generalization of Weyl quantization which maps a dynamical operator in a function space to a dynamical superoperator in an operator space is suggested. Quantization of dynamical operator, which cannot be represented as Poisson bracket with some function, is considered. The usual Weyl quantization of observables can be derived as a specific case of suggested quantization if dynamical operator is an operator of multiplication on a function. This approach allows to define consistent Weyl quantization of non-Hamiltonian and dissipative systems. Examples of the harmonic oscillator with friction and a system which evolves by Fokker-Planck-type equation are considered.
Introduction
Canonical quantization of classical observables and states defines a map of real functions into self-adjoint operators [1] . A classical observable is described by some real function A(q, p) from a functional space M. Quantization of this function leads to self-adjoint operatorÂ(q,p) from some operator spaceM. It is known that states can be considered as a special observable. Classical state can be described by non-negative-normed real function ρ(q, p) called density distribution function. Quantization of a function ρ(q, p) leads to non-negative self-adjoint operatorρ(q,p) of trace class called matrix density operator.
Time evolution of an observable A t (q, p) and a state ρ t (q, p) in classical mechanics are described by differential equations on a function space M:
The operators L t and Λ t act on the elements of function space M. These operators are infinitesimal generators of dynamical semigroups and are called dynamical operators. The first equation describes evolution of an observable in the Hamilton picture, and the second equation describes evolution of a state in the Liouville picture. Dynamics of an observable and state in quantum mechanics are described by differential equations on an operator spaceM:
HereL t andΛ t are superoperators (operators act on operators). These superoperators are infinitesimal generators of quantum dynamical semigroups [2, 3, 4] . The first equation describes dynamics in Heisenberg picture, and the second -in Schroedinger picture. It is easy to see that quantization of the dynamical operators L t and Λ t must lead to dynamical superoperatorsL t andΛ t . Therefore, generalization of canonical quantization for general classical non-Hamiltonian systems must map operators into superoperators.
Usually the quantization is applied to classical systems with the dynamical operator LA(q, p) = {A(q, p), H(q, p)}. Here the function H(q, p) is an observable which characterizes dynamics and the function H(q, p) is called the Hamilton function. Quantization of a dynamical operator which can be represented as Poisson bracket with the Hamilton function is defined by usual canonical quantization. Canonical quantization of real functions A(q, p) and H(q, p) leads to self-adjoint operatorsÂ(q,p) andĤ(q,p). Quantization of the Poisson bracket {A(q, p), H(q, p)} usually defines as commutator (i/h)[Ĥ(q,p),Â(q,p)]. Therefore quantization of these dynamical operators can be uniquely defined by usual canonical quantization.
Quantization of classical non-Hamiltonian systems is not defined by usual canonical quantization. It is necessary to consider some generalization of canonical quantization. These generalized procedure must define a map of operator into superoperator.
In this paper a Weyl quantization of classical non-Hamiltonian systems is considered. The generalized Weyl quantization, which maps a (linear differential, pseudodifferential) operator on a function space into a superoperator on an operator space, is suggested. An analysis of generalized quantization is performed for operator which cannot be represented as the Poisson bracket with some function.
Weyl Quantization
In this section the usual method of quantization is considered [1, 5, 6] . To simplify formulas let x k , where k = 1, ..., 2n, denote usual coordinates q j and momentums p j by x 2j−1 = q j and x 2j = p j , where j = 1, ..., n. The basis of the space M of square-integrable functions A(x) is defined by functions
Quantization transforms x k to operatorsx k . Weyl quantization of the basis functions (1) leads to the Weyl operatorŝ
The Weyl operators form a basis [6, 7] of the operator spaceM. Classical observable, characterized by the function A(x), can be represented in the form
whereÃ(a) is the Fourier image of the function A(x). Quantum observableÂ(x) which corresponds to A(x) can be defined by formulâ
This formula can be considered as an operator expansion forÂ(x) in the operator basis (2) . The direct and inverse Fourier transformations allow to write the formula for the operatorÂ(x) asÂ
The function A(x) is called the Weyl symbol of the operatorÂ(x). Quantization defined by (5) is called the Weyl quantization. Another basis operator leads to different quantization scheme [7, 5, 6] . Lie algebra, Jordan algebra and C * -algebra are usually considered on the spaces M andM.
Lie algebra L(M) on the set M is defined by Poisson brackets
where Ψ km is a matrix which is inverse of matrix ω km , that is ω km
All elements of the matrix ω km are equal to zero, besides elements ω 2j−1 2j = 1 and ω 2j 2j−1 = −1, where j = 1, ..., n. Quantization of the Poisson bracket (6) usually defines as commutator
The commutator defines Lie algebraL(M) on the setM. Leibnitz rule is satisfied for the Poisson brackets. As a result, the Poisson brackets are defined by basis Poisson brackets for
Quantization of these relations leads to the canonical commutation relations
These relations can be written for operatorsx
These relations define (2n + 1)-parametric Lie algebraL(M), called Heisenberg algebra. Jordan algebra J(M) for the set M is defined by the following multiplication
This multiplication coincides with the usual associative multiplication of functions. Weyl quantization of the Jordan algebra J(M) leads to the special operator Jordan algebrâ J(M) with multiplication
Jordan algebra for classical observables is associative algebra, that is all associators are equal to zero
In general case Jordan algebra associator for quantum observables is not equal to zero
The commutation relation (8) for the operators x k leads to the 2n-parametric Weyl algebra of the operatorsŴ (a,x):
The Weyl algebra is involute normed algebra. The involution corresponds to conjugation (11). The operator norm defines the norm of Weyl algebra.
Quantization of Hamiltonian Dynamical Operator
Let us consider quantization of a classical dynamical operator defined by Hamilton function. Usually the quantization procedure is applied to classical systems with dynamical operator
where
is an observable which defines dynamics of a classical system. The observable H(x) is called the Hamilton function. Then
If the dynamical operator has this form, then classical system is called Hamiltonian system.
Weyl quantization (5) of the functions A(x) and H(x) lead to operatorsÂ(x) and H(x). Quantization of Poisson bracket {A(x), H(x)} usually defines as the commutator
HereĤ l (x) andĤ r (x) are left and right superoperators which correspond to Hamilton operatorĤ(x). These superoperators are defined by formulas [5, 6] :
Quantization of dynamical operator, which can be represented as Poisson bracket with a function, can be defined by usual quantization. Therefore quantization of Hamiltonian systems is completely defined by the usual method of quantization.
General Dynamical Operator
Let us consider the time evolution of classical observable A t (x), described by the general differential equation
Here L(x, ∂ x ) is an operator on the function space M, and ∂ x is a partial derivative with respect to x. Let us consider operator which cannot be expressed in the form
We would like to generalize the quantization procedure from the dynamical operators (12) to general operators L = L(x, ∂ x ). Let us define the basis operators which generate the dynamical operator L(x, ∂ x ). For simplicity, we assume that operator L is a bounded operator. Operator Q k is an operator of multiplication on x k and operator P k is self-adjoint differential operator with respect to x k , that is −i∂/∂x k . These basis operators obey the conditions:
Conjugation operation * is defined with respect to scalar product
Commutation relations for the operators P k and Q k define (4n+1)-parametric Lie algebra. These relations are analogous to canonical commutation relations (9) forq j andp j with double numbers of degrees of freedom.
Operators Q k and P k allow to introduce operator basis
for the linear space A(M) of dynamical operators. The basis operators V (a, b, Q, P ) are analogous to the Weyl operators basis (2) . Note that basis functions (1) can be derived from the operators (15) by the formula W (a, x) = V (a, 0, Q, P )1. The commutation relation for the operators Q k and P k leads to the analog of the Weyl algebra:
This Weyl algebra is involute normed algebra. The involution corresponds to conjugation (17). An operator norm defines the norm of Weyl algebra. The algebra A(M) of bounded dynamical operators can be defined as C * -algebra. It contains all operators V (a, b, Q, P ) and is closed for linear combinations of V (a, b, Q, P ) in operator norm topology. A dynamical operator can be written as an operator function in the symmetric form
The functionL(a, b) is square-integrable function of real variables a and b. The function L(a, b) is Fourier image of the operator symbol for L = L(x, ∂ x ). The set of bounded operators L(Q, P ) and their uniformly limits form the algebra A(M) of dynamical operators. We can use the basis operators
which are analogous to Kirkwood basis [7] . This operator basis associate with the standard ordering of operators Q and P . The operators V QP allow to write a dynamical operator in the QP -form
This form is suitable for the classical systems.
Quantization of Basis Operators
To define the superoperatorL which corresponds to operator L we need to describe Weyl quantization of the basis operators Q k and P k . Let us require that the superoperatorŝ Q k andP k satisfy the relations which are the quantum analogs to the relations for the operators Q k and P k :
SuperoperatorL is called formally self-adjointL =L, if the relation <LÂ|B >=< A|LB > is satisfied. Here the scalar product <Â|B > on the operator space M is defined by
An operator space with this scalar product is called Liouville space [5, 6] . The Weyl quantization of operators Q k and P k is defined by Weyl quantization of functions Q k A(x) and P k A(x) for all A(x). To quantize the operator P k we use the relation
Quantization of the right-hand side of this formula leads to the expression
The operatorP kÂ is written in the form
As a result, we obtain
In the usual notationsx 2j−1 =q j andx 2j =p j this formula can be rewritten
where the left and right superoperators are defined by
for allÂ ∈M. Let us quantize the operator Q k . It is known [1] that the Weyl quantization of the expression x k • A(x) leads tox k •Â(x). Therefore superoperatorQ k has the form
i.e.Q kÂ =x k •Â.
It can be verified that for the superoperatorsQ k andP k defined by (20) and (21) the commutation relations
are satisfied. To check these relations, we must express the superoperatorsQ k andP k via superoperators (x k ) l and (x k ) r and use the commutation relations
which follow from canonical commutation relations (8) . Using relations (20) and (21), the other relations for the superoperatorsP k andQ k can be easy to verified. Weyl quantization of the operators (15) leads to the superoperatorŝ
The relations (22) forQ k andP k leads to the relations:
It allows to define superoperator Weyl algebra which is involute normed algebra. The involution corresponds to conjugation (26). A superoperator norm [5, 6] defines the norm of the algebra. The algebraÂ(M) of bounded dynamical superoperators can be defined as C * -algebra. It contains all superoperatorsV (a, b,Q,P ) and it is closed for linear combinations ofV (a, b,Q,P ) in superoperator norm topology.
The operator Q k realizes multiplication by x k in the Jordan algebra J(M). Therefore the superoperatorQ k realizes multiplication by the operatorx k on the Jordan algebrâ J(M). The operator P k represents multiplication by x k on the Lie algebra L(M) and superoperatorP k is multiplication byx k on the Lie algebraL(M). Therefore the Weyl quantization of operators Q k and P k : is realized as a map of algebras of multiplication operators which act on the Jordan and Lie algebras. Note that operators Q k , P k and superoperatorsQ k ,P k can be defined by
Quantization of Operator Function
Let us consider the dynamical operator L = L(Q, P ) as a function of the basis operators Q k and P k . Generalized quantization can defined as a map from dynamical operator space A(M) to dynamical superoperator spaceÂ(M). The Weyl quantization of the symmetric form of operator
leads to the corresponding superoperator
If the functionL(a, b) is connected with Fourier imageÃ(a) of the function
then the formula (27) defines the canonical quantization of the function A(x) = L(Q, P )1 by the relationÂ(x) =L(Q,P )Î. Here we useQ kÎ =x k and exp{iaQ}Î = exp{iax}. Therefore canonical quantization is a specific case of suggested quantization procedure. If we use QP -form of the dynamical operator L = L(Q, P ), then the Weyl quantization of
leads to the superoperator
SuperoperatorsQ k andP k can be represented by (x k ) l and (x k ) r . Therefore the formula (27) can be written in the form
HereŴ l (a,x) andŴ l (a,x) are left and right superoperators corresponding to the Weyl operator (2) . These superoperators can be defined bŷ
If the functionL(a ′ , b ′ ) of the superoperator (29) has the form
then quantum system is Hamiltonian system and Heisenberg equation has the usual form:
HereĤ(x) is Hamilton operator defined bŷ
Explicit Formulas of Quantization
Let us derive a relation which represents the superoperatorL(Q,P ) by operator L(Q, P ). We would like to find the analog of the relation (5) between an operatorÂ(x) and a function A(x). In order to find the relation, it will be convenient to represent the Fourier image of a functionL(a, b) by the operator L(Q, P ). Let us find the symbol of a dynamical operator L(Q, P ) by this operator. To simplify formulas, we introduce new notations. Let X s , where s = 1, ..., 4n, denote the operators Q k and P k , where k = 1, ..., 2n, that is Q k = X k and P k = X k+2n , or
where j = 1, ..., n. Let us denote the parameters a k and b k , where k = 1, ..., 2n, by z s , where s = 1, ..., 4n. Then the formula (18) can be rewritten by
The formula (27) for the superoperatorL is written in the form
Let us consider the inverse Fourier transformation for the function L(z):
HereL(z) is the Fourier image of the function L(α). Then operator L(X) can be written by the Weyl symbol L(α) in the form
This formula is an analog of the formula (5). The generalized quantization of operators X s leads to the superoperatorsX s . Therefore Weyl quantization of the operator (30) leads to the superoperatorL(X) which can be written
Let L m (α), where m = 1 or 2, are the Weyl symbols of the operator L m (X). Then
Let us consider the trace Sp[L 1 (X)L 2 (X)] of the product of the operators L m (X) and find the Weyl symbol L 2 (α) of the operator L 2 (X). As follows from (31), we have
This relation can be compared with the well known formula for the trace of operator product
We obtain the relation for the symbol L 2 (α) of the operator L 2 (X)
The formula for the Weyl symbol L(α) of the operator L(X) has the form
Next we substitute this symbol into the relation (31). As the result we obtain
In the new notations, the operators V (a, b, Q, P ) are written as V (z, X) = exp{izX}. If we use the superoperatorV (z,X) = exp{izX }, then the formula (33) can be rewritten in the formL (X) = 1 (2π) 4n e −iα(z+z ′ )V (z,X)Sp[L(X)V (z ′ , X)]dzdαdz ′ .
Harmonic oscillator with friction
Let us consider n-dimensional linear oscillator with friction F j f ric = −(γ/m)p j . The time evolution equation for this oscillator has the form
The dynamical equation for the classical observable A t (q, p) is written
Differentiation of the function A t (q, p)) gives
The dynamical operator L(q, p, ∂ q , ∂ p ) is
This operator is written in the QP -form
Weyl quantization of the operator L = L(Q, P ) leads to superoperator L(Q,P ) = i mQ 2jP 2j−1 − i(mω 2Q2j−1 + γ mQ 2j )P 2j .
This superoperator can be written aŝ 
